Abstract. We study infinite families of quadratic and cubic twists of the elliptic curve E = X 0 (27). For the family of quadratic twists, we establish a lower bound for the 2-adic valuation of the algebraic part of the value of the complex L-series at s = 1, and, for the family of cubic twists, we establish a lower bound for the 3-adic valuation of the algebraic part of the same L-value. We show that our lower bounds are precisely those predicted by the celebrated conjecture of Birch and Swinnerton-Dyer.
Introduction
Let E be an elliptic curve defined over Q, and let L(E, s) denote its complex L-series. We assume that L(E, 1) = 0. Then, by a well-known theorem of Kolyvagin, both E(Q) and the Tate-Shafarevich group X(E) of E over Q are finite. Define
where c ∞ denotes the number of connected real components of E(R), and Ω is the least positive real period of the Néron differential of any global Weierstrass minimal equation for E. It is well-known that L (alg) (E, 1) is a rational number. For a prime q of bad reduction for E, define c q = [E(Q q ) : E 0 (Q q )], where E 0 (Q q ) denotes the subgroup of E(Q q ) consisting of all points with non-singular reduction modulo q. The Birch-Swinnerton-Dyer conjecture for E asserts that: Conjecture 1.1.
(1.1) L (alg) (E, 1) =
#(X(E))
q bad c q #(E(Q)) 2 .
Since both sides of (1.1) are rational numbers, Conjecture 1.1 clearly implies that: When E has complex multiplication, Rubin establishes (1.2) in [4, Theorem 11.1] for all primes p which do not divide the order w of the group of roots of unity in the field of complex multiplication. However, these methods at present seem very difficult to apply for primes p which divide w, except when E has potential ordinary reduction at such a prime p. 1 In the present paper, we shall consider the quadratic and cubic twists of the curve (1.3) E = X 0 (27) :
which has conductor 27 and admits complex multiplication by the full ring of integers
, of the field K = Q( √ −3). The associated classical Weierstrass equation is E : y 2 = 4x 3 − 3 3 , which we obtain by the change of variables x = X y = 2Y + 1.
Note that c ∞ = 1 for E, so that L (alg) (E, 1) =
. It is easily shown that L (alg) (E, 1) = 1 3 . On the other hand, classical descent theory proves that E(Q) = {O, (3, ±3
2 )} ∼ = Z/3Z and X(E)(2) = X(E)(3) = 0. Combining this with [4, Theorem 11 .1], we conclude that Conjecture 1.1 is valid for E.
Given an integer λ > 1, let E(λ) denote the elliptic curve
First, we consider the case when λ = D
3
, for a square-free positive integer D, so that E(D 3 ) is the twist of E by the quadratic extension Q( √ D)/Q. We define a rational prime number p to be a special split prime for E if it splits completely in the field K(x(E [4] )), the field obtained by adjoining to K the x-coordinates of all non-zero points in E [4] , the group of 4-division points on E. In fact, we have (see Lemma 3.4 
) that K(x(E[4]))
2). Moreover, the theory of complex multiplication provides the following alternative description of the set of special split primes (see Appendix A). Let ψ denote the Grössencharacter of E over K. Then a prime p is special split if and only if it splits in K, and ψ(p) ≡ ±1 mod 4 for both of the primes p of K above p. Our aim in this first section of the paper is to prove:
Theorem. Let D > 1 be an integer which is a square-free product of special split primes. Then
where k(D) is the number of prime factors of D.
This bound is sharp, as we will see in Remark 3.16. Some numerical examples are listed in Appendix B. We show later, using Tate In particular, it predicts that equality occurs in the lower bound of Theorem 3.15 if and only if ord 2 #X E(D 3 ) = 0. Next consider the case when λ = D 2 for a cube-free positive integer D, so that E(D 2 ) is a cubic twist of E. We say a prime number p is cubic-special if it splits completely in the field K(E[27]), but does not split completely in the strictly larger field K(E[27])((1 − ω) 1/9 ), where ω denotes a non-trivial cube root of unity. We then prove:-Theorem. Let D > 1 be an integer which is a cube-free product of cubic-special primes. Then
where k(D) is the number of distinct prime factors of D.
Numerical examples show that this lower bound is sometimes sharp. In fact, the BirchSwinnerton-Dyer conjecture predicts that the lower bound of this theorem should hold for all odd cube free positive integers D with D ≡ 1 mod 9. Indeed, using Tate's algorithm, it can be shown (see Section 2) that, for all such D, we have
Hence the 3-part of the Birch-Swinnerton-Dyer conjecture predicts that if
In particular, it predicts that equality is attained in the theorem above if and only if ord 3 #X E(D 2 ) = 0. We will prove these theorems by first expressing the value of the complex L-series as a sum of Eisenstein series, and then combining an averaging argument over quadratic or cubic twists with an induction on the number of distinct primes divisors. In the case of quadratic twists, this method is essentially due to Zhao [8, 9] who established similar results for the congruent number curves with respect to the prime p = 2. In Section 4, we will generalise his ideas in order to apply to the cubic twists of E with respect to the prime p = 3. All the numerical data in this paper are obtained using Magma. Finally, this work is part of my PhD thesis at the University of Cambridge, and I wish to thank my supervisor J. Coates for suggesting the research topics and giving me many relevant sources of information, while giving me patient guidance and encouragement. I am also very grateful to J. Lamplugh for many insightful discussions, and to K. Buzzard, T. Fisher, Y. Hachimori and S. Zhai for many helpful comments.
2. The p-part of the Birch-Swinnerton-Dyer Conjecture.
Let E(λ) : y 2 = 4x 3 − 3 3 λ, and let us assume that L (E(λ), 1) = 0, so that E(λ)(Q) and X (E(λ)) are finite. In this short section, we will compute the Tamagawa factors c q for the primes q of bad reduction for E(λ), and ord p (E(λ)(Q)) for p = 2 or 3 according as E(λ) is a quadratic or cubic twist of E = X 0 (27).
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, for D > 1 a square-free integer, so that E(D 3 ) is a quadratic twist of E. The primes of bad reduction for E(D 3 ) are 3 and the primes dividing D, since the discriminant of
Lemma 2.1. Let D > 1 be a square-free product of primes coprime to 6. Then
where k(D) denotes the number of prime factors of D.
Proof. We will work with the form
which is isomorphic to E(D 3 ). With the usual notation for Tate's algorithm, we have a 1 = a 3 = a 2 = a 4 = 0,
. For a bad prime q, we have q | a 1 , a 2 , q 2 | a 3 , a 4 and q 3 | a 6 . Let P q be the polynomial
Then for q = 3, we have P ′ 3 (T ) = 3T 2 ≡ 0 mod 3 so P 3 (T ) has a triple root in Z/3Z. Therefore, c 3 = 3 and ord 2 (c 3 ) = 0. If q is a prime factor of D,
Hence (1.2) indeed predicts
Next, we consider the case when λ = D 
which is isomorphic to E(D 2 ). With the usual notation for Tate's algorithm, we have a 1 = a 3 = a 2 = a 4 = 0,
. Let q be a prime of bad reduction for E. If q is a prime factor of D, then we have q | a 1 , a 2 , q 2 | a 3 , a 4 and q 3 ∤ a 6 hence the type is IV (see [7, p. 49] ) and c q = 3 or 1. However, the polynomial
is a square mod q. Hence c q = 3 and ord 3 (c q ) = 1.
Otherwise, q = 3 and we have 3 | a 1 , a 2 , 3 2 | a 3 , a 4 and 3 3 ∤ a 6 . Let P 3 be the polynomial
Then P ′ 3 (T ) = 3T 2 ≡ 0 mod 3 so P 3 (T ) has a triple root in Z/3Z. After the change of variables x = X + 3D the triple root is 0, and we have a 1 = a 3 = 0,
2 −1 ≡ 0 mod 3 has distinct roots in Z/3Z. Hence the type is IV* (see [7, p. 51] ) and c 3 = 3, so that ord 3 (c 3 ) = 1.
Also, E(D 2 ) is isomorphic to the curve x 3 + y 3 = D which is a cubic twist of the Fermat curve x 3 + y 3 = 1, and it is well-known that |E(
3. Quadratic Twists.
Let µ K denote the group of roots of unity in K. In general, if λ is a non-zero element of O K which is prime to #(µ K ) = 6, we let ψ λ := ψ E(λ)/K be the Grössencharacter of E(λ) over K with conductor f, and let g denote some integral multiple of f. Let S be the set of primes of K dividing g. We consider the (usually) imprimitive Hecke L-series
Recall that for any complex lattice L and z, s ∈ C, we can define the Kronecker-Eisenstein series
where the sum in taken over all w ∈ L, except −z if z ∈ L. This series converges for Re(s) > 3 2 , and it has an analytic continuation to the whole complex s-plane. The nonholomorphic Eisenstein series
, where 6 √ λ denotes the real root. We write L λ for the period lattice of the curve E(λ) over C, and write L for that of E.
Since g is a multiple of f, it follows from [2, Lemma 3] that K(E(λ) g ), the extension of K obtained by adjoining the coordinates of all g-division points of E(λ) to K, is isomorphic to R(g), the ray class field of K modulo g. We fix, once and for all, a set B of integral ideals of K prime to g such that
Fix a generator g of g, so that g = gO K . The next result is due to Goldstein and Schappacher [3, Proposition 5.5] .
Proof. The ideal {ψ λ (b) + a} runs over all integral ideals of K prime to g precisely once as b runs over B and a runs over g. Hence,
Note that since a ∈ g, we have
We can renormalise the right hand side to obtain the result.
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The following is a well-known fact from, for example, [3, Theorem 2.1].
Fact 3.2. For all b ∈ B, we have
Now, we concentrate on the case where E(λ) is a quadratic twist of E.
Definition 3.3. We say a rational prime p is a special split prime if p splits completely in L = K(x(E[4])), the field obtained by adjoining to K the x-coordinates of all non-zero points in E [4] .
The following characterisation of special split primes is proven in Appendix A.
Lemma 3.4.
A rational prime p is a special split prime if and only if it splits in K, and ψ(p) ≡ ±1 mod 4 for both of the primes
For the remainder of this section, we assume that (D) = p 1 · · · p n is a square-free product of prime ideals p j of K above special split primes. In addition, we pick the sign π j of the generator of p j so that π j ≡ 1 mod 4, and set D = π 1 · · · π n and S = {π 1 , . . . , π n }. The sign will not matter since we are most interested in the case when D is an integer.
, let n α be the number of primes dividing D α and define
where f A is the conductor of ψ A/K and d K is the absolute value of the discriminant of K/Q. In particular, C(E/Q) = 27, and so the conductor of ψ is 3O K . It can be verified using this result and Tate's algorithm that the conductor of ψ
, the ray class field of K modulo f. Hence the Artin map gives an isomorphism
where µ 6 denotes the image of µ K = µ 6 under reduction modulo f. Note that since 3 and D are coprime, we have an exact sequence
Setting s = 1 in Lemma 3.1 and applying (3.1) immediately yields:
We wish to find ord 2 L (alg) (ψ D 3 , 1) . In order to do this, we consider the following sum of imprimitive Hecke L-series.
Using Corollary 3.5, we can write this sum in the following way.
Theorem 3.7. We have
where
and . Since any 1-dimensional character is irreducible, considering its inner product with the trivial character gives
Note that 
We now make an explicit choice of B.
Definition 3.8. Let C be a set of elements of O K such that c ∈ C implies −c ∈ C and c mod D runs over (O K /DO K ) × precisely once. Note that this is possible since (2, D) = 1
by hypothesis. Also, we saw earlier that
where 2 denotes the quadratic residue symbol.
It is clear that we can also write Theorem 3.7 in the following way.
Corollary 3.9. We have
Using the relation between the Eisenstein series and the Weierstrass ℘-function, we can show:
Recall also that for z 1 , z 2 ∈ C, we have an addition formula:
.
Applying this with
Next, we use the key property that, if c ∈ V , then also −c ∈ V . Since ζ(z, L) and ℘ ′ (z, L) are odd functions, and ℘(z, L) is an even function, it follows that
By applying formulae (3.2) and (3.3) of [6, p. 126], we obtain
On the other hand, we have
and by differentiating the equation
Now, solving (3.5) and (3.6) gives
Substituting the values ℘ Ω 3 , L = 3 and ℘ ′ Ω 3 , L = 9 again gives the result. Now we prove the following integrality result of the Eisenstein series.
Corollary 3.11. For n 1, we have
Proof. Given c ∈ V , let P be the point on E :
given by
and define
Recall that E has minimal Weierstrass form
which has discriminant 3
9
, so E has good reduction at 2 over K. This means that ord 2 (X(P )) 0 since P is a torsion point on E of order prime to 2. Further, x = X in the change of coordinates which gives the minimal Weierstrass form, and so we have M (c, D) = 9 3 − X(P ) .
We claim that ord 2 (3 − X(P )) = 0. Suppose for a contradiction that ord 2 (3 − X(P )) > 0. Then let Q = (3, 4) be the point on E which we know is a 3-torsion, so that we have ord 2 (X(Q) − X(P )) > 0. Hence, under reduction modulo 2, we would have X( Q) = X( P ) where denotes reduction modulo 2. Then we have P = ± Q, so either P − Q or P + Q is in the kernel of the reduction map, so it must correspond to an element in the formal group of E at 2, and therefore its order must be a power of 2. But this is not possible since P has order D and Q has order 3, both of which are coprime to 2. Hence
is an even function and #(V ) is even, so
Hence
Remark 3.12. For n = 0 (i.e. for E), a computation gives
Thus we have proved:
Theorem 3.13. Let D ∈ O K be as above and let n be the number of primes in
Finally, we are ready to prove the first main result:
Theorem 3.14. Let D ∈ O K be as above and let n be the number of primes in
Proof. We prove this by induction on n. Write D = D α , and given α, β ∈ (Z/2Z)
Ω .
By Theorem 3.13, we know that
since ψ((π 1 )) = ±π 1 and also we know
Now suppose n α > 1 and our result holds for 0 < β < α. Again,
where the last term is primitive. We know by Theorem 3.13 that
where ord 2
Also by the induction hypothesis, ord 2
as required.
The following is an immediate consequence.
Theorem 3.15. Let D > 1 be an integer which is a product of k(D) distinct special split primes. Then
Remark 3.16. The bound obtained in Theorem 3.15 is sharp. For example, let π be the prime 13 + 12ω and let D = N(π) = 157, which is a rational prime. Then
More numerical examples can be found in Appendix B.
Cubic Twists.
Now we look at the cubic twists of E, i.e. the curves of the form
for a cube-free integer D. This is isomorphic to the curve The following characterisation of cubic-special primes will be useful, in particular in proving Corollary 4.14. Proof. First, we note that K(E[27]) is equal to the ray class field R(27) of K modulo 27 by [2, Lemma 3] . Since Q(µ 27 ) ⊂ R(27), it follows that R(27) (1 − ω) 1 9 /R(27) is a Galois extension. Also R(27) (1 − ω) 1 9 /K is not an abelian extension, since its subextension
/K is not Galois. In addition, R(27) (1 − ω) 1 9 /R(27) is a degree 3 extension since we showed that
. Let H denote the Galois group of this degree 3 extension. Also, let G denote the Galois group Gal R(27) (1 − ω) 1 9 /K , and let Frob π ∈ G denote the Frobenius at π. Then Frob π | R(27) = id in H if and only if ψ E(π 2 )/K ((π)) ≡ 1 mod 27. If we take a prime π such that Frob π ∈ H\{id}, then (1 − ω) is not a ninth power modulo π in R(27) (1 − ω) 1 9 , and it follows that the order of 1 − ω must be divisible by 9 since 27 divides N(π)
By the Čebotarev density theorem, the density of such primes is . From now on, let us assume that each prime π of K dividing D is cubic-special. Note that if p is a rational prime such that p ≡ 1 mod 3, then p always splits in K since we can write p = a 2 − ab + b 2 = (a + bω)(a + bω) for some integers a and b. In addition, if p ≡ 1 mod 27, it can easily be shown that we can assume b ≡ 0 mod 27 and a ≡ 1 mod 27 using symmetry in a and b and change of sign of a. Hence we can write p = ππ with π ∈ O K and π ≡ 1 mod 27. Before we begin, it will be useful to find a model for our curve E : Y 2 + Y = X 3 − 7 where E has good reduction at 3. . Then the change of variables x = u 2 X + r, y = 2u 3 Y gives an equation for E with good reduction at 3.
For the full statement and proof of this proposition, see Appendix A. Given α = (α 1 , . . . α n ) with α j ∈ {0, 1, 2} for all j = 1, . . . , n, let D α be an element of K of the form D α = π α1 1 · · · π αn n where π j are distinct cubic-special primes. Similarly to the quadratic twist case, we may consider α = (α 1 , . . . , α n ) ∈ {0, 1, 2} n as an element of (Z/3Z) n . Given α ∈ (Z/3Z) n , let n α be the number of distinct primes of K dividing D α and define S α = {π j : π j | D α }. Pick α ∈ (Z/3Z) n such that n α = n, and set D = D α and S = {π 1 , . . . π n }. We will study the following sum of imprimitive Hecke L-functions (see Definition 3.6).
Definition 4.4. Given D as above, let
Let f be the conductor of the Grössencharacter ψ D 2 . Then again, a computation using Tate's algorithm shows that f = 3DO K . Also, the Artin map gives an isomorphism between Gal(R(f)/K) and (O K /3DO K ) × / µ 6 , which is isomorphic to (O K /DO K ) × since we have (3, D) = 1. Now let C be a set of elements of O K such that c ∈ C implies ωc, ω 2 c ∈ C and c mod D runs over (O K /DO K ) × precisely once. This is possible since 3 and D are coprime by assumption. Then let B = {(3c + D) : c ∈ C} so that b ≡ 1 mod 3O K , where 3O K is the conductor of ψ, for all b ∈ B. In particular, if
Let m be 3 (resp. 6) so that µ m ⊂ K. For a ∈ K * and b an ideal of K coprime to m and a, we write a b m for the cubic (resp. sextic) residue symbol defined by the equation
where v runs through all primes of K coprime to a. Recall also that for a prime π of K and 
Also, by assumption on π j , we have m + n ≡ 0 mod 3 so . So c ∈ V implies ωc, ω 2 ∈ V . It is also easy to check that
Theorem 4.6. We have
Proof. It is clear that Lemma 3.1, Fact 3.2 and Corollary 3.5 still apply. Hence, for any
and
We have a character
. This is a 1-dimensional character, and since any 1-dimensional character is irreducible, considering its inner product with the trivial character gives
Note that = 1 for all j = 1, . . . , n. Hence
where b = 3c + D. Again, applying equation (3.1) gives the result.
As in Theorem 3.10, we have 14 Theorem 4.7.
Proof. The proof is almost identical to the proof of Theorem 3.10, since the addition formula
D , L = 0, and we have c + ωc + ω 2 c = 0 for any c ∈ V .
This gives:
Corollary 4.8. For n 1, we have
Before we prove this, let us prove:
Proof. Given α i ∈ {0, 1, 2} for i = 1, . . . , n, let for some positive integer k 3 n , so that ord 3 (k) n. On the other hand, ord 3 (#(C)) = ord 3 ((N(π 1 ) − 1) · · · (N(π n ) − 1)) 3n. Hence, ord 3 (#(V )) 3n − n = 2n 2 for n 1, so 9 | #(V ) as required. Now we are ready to prove Corollary 4.8.
Proof. (of Corollary 4.8) Let P be the point on E :
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Recall that E has complex multiplication by ω via ω(x, y) = (ωx, y), so
, and ℘ is homogeneous of degree −2 so this simplifies to
To determine ord 3 (x(P )) and ord 3 (y(P )), recall from Proposition 4.3 that the change of
gives us a model of E having good reduction at 3. In terms of X and Y , we have
Now, P is a torsion of point of E of order prime to 3 and E has good reduction at 3 so ord 3 (X(P )), ord 3 (Y (P )) 0. If ord 3 (Y (P )) > 0, P reduces to a 2-torsion after reduction modulo 3, but P is a D-torsion and reduction modulo 3 is injective, hence we must have
, where r = 3s. Also,
In addition, we have ord 3 (u) = 3 4 and ord 3 (r) = 1. Therefore,
On the other hand, by Proposition 4.9, we have 9 | #(V ). Hence,
Recall from Remark 3.12 that
. Thus we have proved: Theorem 4.10.
ord 3 (Φ D 2 ) n. We can generalise Definition 4.4 as follows.
Using essentially the same arguments that are used to prove Theorem 4.10, we can show:
Lemma 4.12. For any character χ : (Z/3Z) n → C × , we have
Also, by the law of cubic reciprocity, we have
Let n = n α . Then we have a 1-dimensional character ǫ
. Now, considering its inner product with the trivial character gives
Recall that for any prime π j dividing D α , we have
. Also, the proof of Proposition 4.9 shows that V (χ) = V (α1,...,αn) where α i ∈ {0, 1, 2} is such that χ(e i ) = ω αi , where e i ∈ (Z/3Z) n has 1 in the i-th entry and 0 elsewhere. Hence, #(V ) = #(V (χ) ) or #(V (χ) ) = 0, so in either case we have 9 | #(V (χ) ). So we can apply the proofs of Theorem 4.7 and Corollary 4.8, and obtain
so the result follows.
Remark 4.13. We note that the assumption ord 3 (π − 1) 2 for any prime factors π of D is essential. If we take π = 55 + 33ω and S = {π}, then ord 3 (π − 1) = n → C × , we have
We will only need this Corollary when n = 1. The proof is similar, and can be found in Appendix A. We are ready to prove the second main result:
Proof. We prove this by induction on n. First, write α = (α 1 , . . . , α n ) for the element in
where the last two terms are primitive. Also,
and π 1 ≡ 1 mod 9. Hence ord 3 π1−1 π1
2, and
Now let χ 1 : Z/3Z → µ 3 be the character defined by 1 → ω and let χ 2 : Z/3Z → µ 3 be the character defined by 1 → ω
2
. Then we have
Ω ,
Hence we obtain
We know by Corollary 4.14 that
, and we also checked that ord 3
that is,
as required. Now suppose the result holds for all n β < n α , where β < α. We have
Ω where the terms in the last summand are primitive. We know that
and π ≡ 1 mod 27, so ord 3
. Also, by the induction hypothesis, we have
We also know by Lemma 4.12 that ord 3 (Φ
To find ord 3
n with n γ = n α , suppose first that γ = (2, . . . , 2), so there exists j ∈ {1, . . . n} with γ j = 1. Without loss of generality, we may assume j = 1. Let χ 1 : (Z/3Z) n = g 1 , . . . , g n → µ 3 be the character defined by χ 1 (g 1 ) = ω and χ 1 (g j ) = 1 for j = 2, . . . , n, and let χ 2 : (Z/3Z) n = g 1 , . . . , g n → µ 3 be the character defined by χ 2 (g 1 ) = ω Now let χ 2 be the character defined by g 1 → ω, g 2 → ω and g j → 1 for j = 1, 2, and let χ 3 be the character defined by g 1 → ω 2 , g 2 → ω and g j → 1 for j = 1, 2. Then an easy calculation gives
So we have
Similarly, we can show
for any e i , e j ∈ {1, 2} with i = j. Now we claim the following:
Lemma 4.16. Let γ ∈ (Z/3Z) n be such that n γ = n α . Then for any J ⊂ {1, . . . , n} and any e j ∈ {1, 2} for j ∈ J , we have
Proof. We prove this by induction on |J|. The cases |J| = 1, 2 were established above. Given J ⊂ {1, . . . , n} and e j ∈ {1, 2} for j ∈ J, let X J denote the sum
Now suppose the lemma is true for any J ⊂ {1, . . . , n} with |J| = k > 1. Then let |J| = k+1, and without loss of generality, we may assume J = {1, . . . , k + 1}. Pick e j ∈ {1, 2} for j ∈ J.
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Then by the induction hypothesis, ord 3 (X {1,...,k} ) M and ord 3 (X {2,...,k+1} ) M . Now,
say. Now, A + B + X J = X {2,...,k} so ord 3 (A + B + X J )
M . On the other hand, X {1,...k} + X {2,...k+1} = A + B + 2X J so ord 3 (A+B+2X J ) M . It follows that ord 3 (X J ) M as required.
Hence applying the above lemma with J = {1, . . . , n}, we see that for any γ ∈ (Z/3Z) n and n γ = n α , we have
and the result follows.
The following is an immediate consequence of Theorem 4.15.
Theorem 4.17. Let D > 1 be an integer which is a cube-free product of cubic-special primes. Then
where k(D) is the number of distinct rational prime factors of D.
Proof. The number of distinct primes in K dividing D is twice the number of distinct rational primes dividing D, so by Theorem 4.15,
But we know
Remark 4.18. The bound in Theorem 4.17 is sharp. For example, let π = 28 + 27ω and let D = N(π) = 757, which is a rational prime. Then we have
In fact, the numerical data listed in Appendix B suggests that Theorem 4.17 is true whenever D > 1 is odd and is congruent to 1 modulo 9.
Appendix A
Lemma. A rational prime p is a special split prime if and only if it splits in K, and ψ(p) ≡ ±1 mod 4 for both of the primes p of
Proof. Put F = K (E[4] ), and let G denote the Galois group of F over K. Since E has good reduction at 2, the action of G on E [4] defines an isomorphism
In particular, it follows that
. Also by Weil pairing, we have Proof. Note that for our curve, the smallest split prime is 7. So one should try to find an explicit equation for the curve E over the field F = K(E[2 + √ −3]) having good reduction at 3 (see [2, Theorem 2] ). The conductor of F over K is (3(2 + √ −3)), since the conductor of the Grössencharacter of E/K is 3O K . Also, F/K is an abelian extension of degree 6 and the group µ 6 ⊂ K. Thus, by Kummer theory, we must have F = K( 6 √ α), for some α ∈ K * . The only primes of K which can ramify in F are those dividing 3 and w, the Kummer generator α must be of the form (2 + √ −3) a · (ω − 1)
where a, b, c ∈ {0, . . . , 5}. Recall from the theory of complex multiplication that for a prime ideal p of K prime to 3, we have ψ E/K (p) = π where π is the unique generator of p which is 1 mod 3O K . Now, suppose in addition that p is prime to 7. Then F/K is unramified at p so
If we pick a prime p = (π) such that π ≡ 1 mod 3O K and π ≡ 1 mod (2 + √ −3)O K , then we have (P ) Frobp = ψ E/K (p)(P ) = π(P ) = P 
We eliminate the possibilities for (a, b, c) by trying out some examples. 
